We study primordial gravitational waves from inflation in the Randall-Sundrum braneworld model. The effect of a small change of the Hubble parameter during inflation is investigated using a toy model given by connecting two de Sitter branes. We analyze the power spectrum of the final zero-mode gravitons, which is generated from the vacuum fluctuations of both the initial Kaluza-Klein modes and the zero mode. The amplitude of fluctuations is confirmed to agree with the four-dimensional one at low energies, whereas it is enhanced due to the normalization factor of the zero mode at high energies. We show that the five-dimensional spectrum can be well approximated by applying a simple mapping to the four-dimensional fluctuation amplitude.
I. INTRODUCTION
Our four-dimensional universe might be embedded as a three-brane in a higher dimensional spacetime with all the standard model particles confined to the brane and with gravity allowed to propagate in the extra dimensions. This socalled braneworld scenario has opened various possibilities. A possible solution to the hierarchy problem in particle physics was presented by introducing large extra dimensions ͓1͔ or a new type of compactification ͓2͔. Also interesting is a new possibility proposed in Ref. ͓3͔ that four-dimensional gravity is recovered effectively on the brane despite the infinite extension of the extra dimension ͓4,5͔.
The braneworld scenarios have also had a large impact on cosmology ͑for a review of the cosmological aspects of the braneworld scenarios, see, e.g., ͓6͔͒. Homogeneous and isotropic cosmological models have been built ͓7͔, and various types of inflation models proposed ͓8-12͔. A lot of effort has been put forth in searching for new and characteristic features of the braneworld cosmology. For example, cosmological perturbations and the related physics of the early universe have attracted great attention in the expectation that the braneworld inflation might leave their characteristic prints on the primordial spectrum of perturbations.
Although the cosmological perturbations have been discussed in a number of publications ͑see, e.g., ͓6,11-19͔ and references therein͒, the presence of the extra dimension does not allow detailed predictions about the cosmological consequences. As the simplest case, the primordial spectra of density perturbations and of gravitational ͑tensor͒ perturbations were investigated neglecting the nontrivial evolution of perturbations in the bulk in a model of slow-roll inflation driven by an inflaton field confined to the brane ͓12-14͔. ͑We must mention that gravitational waves have been considered in the context of braneworld models other than the RandallSundrum type as well; see ͓20,21͔.͒ Although complicated, the effect on the scalar type perturbations due to the evolution of perturbations in the bulk has been discussed under some assumptions ͓17͔. As for the gravitational wave perturbations, the authors of Ref. ͓18͔ considered a simplified inflation model in which the de Sitter stage of inflation is instantaneously connected to Minkowski space. In this model it is possible to solve the perturbation equations including the bulk to some extent. They focused on perturbations with comoving scale exceeding the Hubble scale at the end of inflation.
Also in this paper we study gravitational waves from an inflating brane. If the Hubble parameter on the brane is constant, the power spectrum becomes scale invariant ͓13͔. However, the Hubble parameter usually changes even during inflation. The change of the Hubble parameter, i.e., the nontrivial motion of the brane in the five-dimensional bulk, ''disturbs'' the graviton wave function. As a result, zero-mode gravitons, which correspond to the four-dimensional gravitational waves, are created from vacuum fluctuations in the Kaluza-Klein modes as well as in the zero mode. It is also possible that gravitons initially in the zero mode escape into the extra dimension as ''dark radiation.'' Therefore we expect that the nontrivial motion of the brane may leave characteristic features of the braneworld inflation. If so, it is interesting to search for a signature of the extra dimension left on the primordial spectrum. However, there is a technical difficulty. When the Hubble parameter is time dependent, the bulk equations are no longer separable. Then we have to solve a complicated partial differential equation. To cope with this difficulty, we consider a simple model in which two de Sitter branes are joined at a certain time; namely, we assume that the Hubble parameter changes discontinuously.
formalism, we explicitly evaluate the Bogoliubov coefficients in Sec. III. In Sec. IV we translate the results for the Bogoliubov coefficients into the power spectrum of gravitational waves, and its properties are discussed. We show that the power spectrum for our five-dimensional model can be reproduced with good accuracy from that for the corresponding four-dimensional model by applying a simple mapping. Section V is devoted to conclusion.
II. de SITTER BRANE AND GRAVITATIONAL WAVE PERTURBATIONS
A. Background metric, gravitational wave perturbations, and mode functions
Let us start with the simple case in which the background is given by a pure de Sitter brane in AdS 5 bulk spacetime. We solve the five-dimensional Einstein equations for gravitational wave perturbations. For this purpose, it is convenient to use a coordinate system in which the position of the brane becomes a constant coordinate surface. In such a coordinate system the background metric is written as
where ᐉ is the bulk curvature radius, and the de Sitter brane is placed at ϭconstϭ B . Note that here is supposed to be negative. On the brane, the scale factor is given by a()ϭ1/(ϪH) and the Hubble parameter becomes
͑2.2͒
Note that under the coordinate transformations
with a constant 0 , the metric ͑2.1͒ becomes the AdS 5 metric in the Poincaré coordinates. The metric with gravitational wave perturbations is written as
͑2.4͒
We decompose the transverse-traceless tensor h i j TT into the spatial Fourier modes as
͑2.5͒
where e i j is the polarization tensor, and the summation over different polarizations was suppressed. where the derivative operators are defined by
We assume Z 2 symmetry across the brane. Assuming that anisotropic stress is zero on the brane, Israel's junction condition gives the boundary condition for the perturbations as
͑2.14͒
The continuous spectrum called Kaluza-Klein ͑KK͒ modes starts with ϭ0. Notice that the mode labeled by ϭ0 does not correspond to the zero mode ͓8͔. Writing the positive and the negative frequency modes, respectively, as (ϩ) ϭ (ϩ) and (Ϫ) ϭ( (ϩ) )*ϭ (Ϫ) * , we impose the
͑2.16͒
so as to satisfy the normalization condition (
ϭϯ␦(ϪЈ). 
The spatial mode function () is given in terms of the associated Legendre functions by ͓11͔
where from Eqs. ͑2.8͒ and ͑2.16͒ the constants C 1 and C 2 are
As will be seen, we need to evaluate the value of the wave function at the location of the brane ( B ), and in some special cases ( B ) reduces to a rather simple form. For sinh B Ӷ1 and sinh B Ӷ1, we have
while, for sinh B ӷ1 or sinh B ӷ1, we have
͑2.21͒
For the derivation of these two expressions, see Ref.
͓18͔.
B. Model with a jump in the Hubble parameter
We consider a model in which the Hubble parameter changes during inflation. As we have explained, in the case of constant Hubble parameter the brane can be placed at a constant coordinate plane. When the Hubble parameter varies, we need to consider a moving brane in the same coordinates. For simplicity, we consider the situation in which the Hubble parameter changes discontinuously at ϭ 0 from
͑2.22͒
Here ␦H/H 1 is assumed to be small. For later convenience, we define a small quantity ⑀ H by
͑2.23͒
To describe the motion of the de Sitter brane after transition, it is natural to introduce a new coordinate system ( , ) defined by
Then, the brane expanding with Hubble parameter H 2 is placed at ϭ B by choosing two constants B and 0 so as to satisfy H 2 ϭᐉ Ϫ1 sinh B and 0 sinh B ϭ 0 sinh B . The trajectory of the brane is shown in Fig. 1 . Apparently, mode functions in this coordinate system take the same form as those in the previous section, but the arguments (,) and the Hubble parameter H 1 are replaced by ( , ) and H 2 . We refer to these second set of modes as 0 and . The relation between (,) and ( , ) is
͑2.25͒
As explained above, the variation of the Hubble parameter is assumed to be small. For a technical reason, we further impose a weak restriction that the wavelength of the perturbations concerned is larger than ␦H/H 2 . These conditions are summarized as follows:
͑2.27͒
C. Method to calculate Bogoliubov coefficients
We consider the graviton wave function that becomes the zero mode 0 (Ϫ) at the infinite future ϭ0. We write the wave function as
where the second term ␦ arises because 0 (Ϫ) does not satisfy the boundary condition for tϽ0. Writing down 0 (Ϫ) and ␦ at the infinite past, ϭϪϱ, as a linear combination of 0 (Ϯ) and (Ϯ) , we can read the Bogoliubov coefficients.
At →Ϫϱ the first term 0 (Ϫ) is expanded as
where the summation is taken over the zero mode and the KK modes. The coefficients U 0 and V 0 are written by using the inner product as
Evaluation of the inner product at ϭϪϱ leads to V 00 ϭV 0 ϭ0 ͓18͔, while
These expressions are approximately correct as long as p͉ 0 ͉␦H/H 1 Ӷ1 is satisfied. The derivation of these equations is explained in Appendix B.
The second term ␦ in Eq. ͑2.28͒ is obtained as follows. Since both and 0 (Ϫ) satisfy the Klein-Gordon equation in the bulk ͑2.6͒, ␦ also obeys the same equation. The boundary condition for ␦ is derived from Eq. ͑2.8͒ as ‫ץ‬ ␦ ϭϪ‫ץ‬ 0 (Ϫ) . Therefore, the solution ␦ is given by
͑2.33͒
with the aid of the advanced Green's function that satisfies
͑2.34͒
The explicit form of the Green's function is ͓18͔
Taking the limit →Ϫϱ, we can expand ␦ in terms of in-vacuum mode functions,
where the coefficients are given by
͑2.38͒
To evaluate these coefficients, we need the source term ‫ץ‬ 0 (Ϫ) ͉ ϭ B written in terms of the coordinates (,), which
͑2.39͒
From Eqs. ͑2.29͒ and ͑2.36͒, we finally obtain the Bogoliubov coefficients relating the initial zero mode or KK modes to the final zero mode,
where
From these coefficients we can evaluate the number and the power spectrum of the generated gravitons.
III. EVALUATION OF BOGOLIUBOV COEFFICIENTS
Now let us evaluate the expressions for the Bogoliubov coefficients obtained in the preceding section. We concentrate on the two limiting cases: the low energy regime (ᐉH 1 Ӷ1) and high energy regime (ᐉH 1 ӷ1). We first evaluate the coefficients ␣ 00 and ␤ 00 , which relate the initial zero mode to the final zero mode. We keep the terms up to second order in ⑀ H ͑or equivalently in ␦H/H 1 ).
Substituting Eq. ͑2.39͒ into Eq. ͑2.38͒, we have
2 ) .
͑3.1͒
Because there is a factor ⑀ H in front of the integral, we can neglect the correction of O(⑀ H 2 ) in the integrand. Then we can carry out the integration to obtain
͑3.2͒
Similarly, we get
͑3.3͒
where U 00 is given by Eq. ͑2.31͒.
At low energies (ᐉH 1 Ӷ1), the Bogoliubov coefficients ␣ 00 and ␤ 00 become
It is worth noting that these expressions are correct up to second order in ␦H/H 1 . This result agrees with the results of the four-dimensional calculation, ␣ (4D) and ␤ (4D) . At high energies (ᐉH 1 ӷ1), the coefficients are 
͑3.7͒
Here we stress that the last two terms in the square brackets of Eq. ͑3.6͒, both coming from U 00 , are enhanced at p͉ 0 ͉ ӷ1.
Next, we calculate the Bogoliubov coefficients ␣ 0 and ␤ 0 , which relate the initial KK modes to the final zero mode, up to the leading first order in ␦H/H 1 . Although we will calculate the power spectrum up to second order in ␦H/H 1 in the next section, the expressions up to first order are sufficient for ␣ 0 and ␤ 0 , in contrast to the case for ␣ 00 and ␤ 00 . Again, substituting ‫ץ‬ 0 (Ϫ) (, B ) into Eq. ͑2.38͒, we have
͑3.8͒
Setting ⑀ H in the integrand to zero, the coefficient reduces to
where we have introduced the integration variable xϭϪp. Similarly, we have
͑3.10͒
where U 0 is given by Eq. ͑2.32͒ and is O(⑀ H ).
1 Now let us discuss the dependence of ␣ 0 and ␤ 0 on ᐉH 1 and ␦H/H 1 in the limiting cases ᐉH 1 Ӷ1 and ᐉH 1 ӷ1. At low energies, we find, using Eq. ͑2.20͒, 1 The integral including the Hankel function is written in terms of generalized hypergeometric functions.
where we have omitted the dependence on and p͉ 0 ͉. These coefficients are suppressed by the factors of ᐉH 1 and ␦H/H 1 . Recall that ␣ 00 and ␤ 00 agree with the standard four-dimensional result at low energies. Thus, because of the suppression of ␣ 0 and ␤ 0 at low energies, the fourdimensional result is recovered only by the contribution from the initial zero mode. At high energies, we obtain from Eq. ͑2.21͒
where we have again omitted the dependence on and p͉ 0 ͉. In contrast to the result in the low energy regime ͑3.11͒, this high energy behavior is not associated with any suppression factor. Integrating ͉␤ 0 ͉ 2 over the KK continuum, we obtain the total number of zero-mode gravitons created from the initial KK vacuum. It can be shown that the coefficients behave as ␤ 0 ϷϪ␣ 0 * ϳ(p͉ 0 ͉) 1/2 at p͉ 0 ͉Ӷ1, and we have
͑3.13͒
Thus the number of gravitons created is proportional to p outside the horizon and is evaluated as
͑3.14͒
On the other hand, making use of the asymptotic form of the Hankel function H (1) (x)ϳe i(xϪ(2ϩ1)/4) /ͱx for x→ϱ, we can evaluate the integral in Eq. ͑3.9͒ in the p͉ 0 ͉→ϱ limit as
͑3.15͒
where we have carried out the integration by parts and kept the most dominant term. This shows that the creation of gravitons is suppressed well inside the horizon. Since the assumption of the instantaneous transition tends to overestimate particle production at large p ͓22͔, the number of particles created from the initial zero mode and KK modes is expected to be more suppressed inside the horizon than Eq. ͑3.15͒ if we consider a realistic situation in which the Hubble parameter changes smoothly. Note that u 0 ϰp͉ 0 ͉͐ ϱ p͉ 0 ͉ x Ϫ2 dx is constant for p͉ 0 ͉→ϱ. Therefore, the ␣ 0 coefficient is dominated by U 0 at large p, which be-
2 . An example of numerical calculation is shown in Fig. 2 . The figure shows that the spectrum has a peak around the Hubble scale and then decreases inside the horizon, and we confirmed that the behavior of the number density outside the horizon is well described by Eq. ͑3.14͒.
IV. POWER SPECTRUM OF GENERATED GRAVITATIONAL WAVES
So far, we have discussed the Bogoliubov coefficients to see the number of created gravitons. However, our main interest is in the power spectrum of gravitational waves because the meaning of ''particle'' is obscure at the super Hubble scale.
A. Pure de Sitter brane
Gravitational waves generated from pure de Sitter inflation on a brane have the scale invariant spectrum
which is defined by the expectation value of the squared amplitude of the vacuum fluctuation, 8p
3 , evaluated at a late time; see Eq. ͑2.11͒. Since C 2 ϳ1 at ᐉH Ӷ1, this power spectrum agrees at low energies with the standard four-dimensional spectrum
͑4.2͒
At high energies, however, the power spectrum ͑4.1͒ is enhanced due to the factor C(H), and is much greater than the four-dimensional counterpart. This amplification effect was found in Ref. ͓13͔ . These results say that the difference between Eq. ͑4.1͒ and Eq. ͑4.2͒ is absorbed by the transformation
2. Spectra of number density of zero-mode gravitons created from vacuum fluctuations in the initial KK modes. Integration over is performed numerically. The solid line represents the low energy case with ᐉH 1 ϭ0.1, while the dashed line shows the high energy case. The latter should be understood as the limiting case ᐉH 1 →ϱ since at high energies the number does not depend on ᐉH 1 ; see Eq. ͑3.12͒.
B. Model with variation of Hubble parameter
Now let us turn to the case in which the Hubble parameter is not constant. Time variation of the Hubble parameter during inflation brings a small modification to the spectrum, and the resulting spectrum depends on the wavelength. Here we consider the amplitude of vacuum fluctuation of the zero mode in the final state. It will be a relevant observable for the observers on the brane at a late epoch because the KK mode fluctuations at super Hubble scale rapidly decay in the expanding universe due to its four-dimensional effective mass. Since the behavior of the zero-mode wave function at the infinite future →0 is known from Eq. ͑2.11͒, we find that the vacuum fluctuation for zero mode at a late epoch is given by lim →0 ͉␣ 00 0 (ϩ) Ϫ␤ 00 * 0
͑4.4͒
Multiplying this by (2/M 5 3 )(p 3 /2 2 ) and recalling the relation ᐉM 5 3 ϭM Pl 2 , we obtain the power spectrum
͑4.6͒
The power spectrum in the four-dimensional theory, computed in the same way, is given by
The appearance of the coefficient ␣ in the power spectrum may look unusual. This is due to our setup, in which the final state of the universe is still inflating. In such a case, the fluctuations that have left the Hubble horizon never reenter it. Outside the horizon, the number of particles created, does not correspond to the power spectrum. There are two apparent differences between P 5D and P 4D ; the normalization factor C(H) and the contribution from the KK modes P 5D KK . In the low energy regime, however, the two spectra agree with each other:
This is because, as seen from the discussion about the Bogoliubov coefficients in the preceding section, the zero-mode contribution P 5D zero is exactly the same as P 4D ͑up to the normalization factor͒, and the Kaluza-Klein contribution P 5D KK is suppressed by the factor (ᐉH 1 ) 2 . On the other hand, when ᐉH 1 is large, the amplitude of gravitational waves deviates from the four-dimensional one owing to the amplification of the factor C(H).
We have observed for the pure de Sitter inflation that the correspondence between the five-dimensional power spectrum and the four-dimensional one is realized by the map ͑4.3͒. It is interesting to investigate whether the correspondence can be generalized to the present case. It seems natural to give the transformation in this case by h‫ۋ‬hC͑h ͒, ͑4.9͒
namely, the rescaled power spectrum P res (p) is defined as
͑4.11͒
We will see that this transformation works well and mostly absorbs the difference between the five-and fourdimensional amplitudes. We examine the differences between the five-dimensional spectrum and the rescaled four-dimensional spectrum by expanding them with respect to ␦H/H 1 as
͑4.13͒
Here the quantity associated with the superscript ͑n͒ represents the collection of the terms of O"(␦H/H) n …. On the right hand side of Eq. ͑4.12͒, all the terms except for the last one come from the initial zero mode. The direct expansion shows that the leading terms in Eqs. ͑4.12͒ and ͑4.13͒ exactly agree with each other up to the first order in ␦H/H 1 ,
͑4.14͒
These terms contain only the contribution from the initial zero mode. The contribution from the initial KK modes P 5D KK is of order (␦H/H 1 ) 2 , because both ␣ 0 and ␤ 0 are O(␦H/H 1 ). Thus, to examine whether the agreement of the spectrum continues to hold even after including the KK modes, we investigate the second order part of the spectrum. The second order terms P 5D
(2) and P res (2) are given by
͑4.16͒
From these equations, we notice that P res (2) and P 5D (2) do not agree with each other. We see that the difference is enhanced in particular at p͉ 0 ͉ӷ1. However, as we mentioned earlier, the KK mode contribution also gives a correction of the same order, and in fact we show that approximate agreement is recovered even in this order by adding the KK mode contribution.
First we observe the power spectrum at p͉ 0 ͉Ӷ1. Expanding P 5D
(2) and P res (2) with respect to p͉ 0 ͉, we have
͑4.17͒
On the other hand, Eq. ͑3.13͒ leads to
͑4.18͒
Therefore the difference is small outside the horizon as
although the cancellation between P 5D (2) (p) and P res (2) (p) does not happen. By a similar argument, at p͉ 0 ͉Շ1, we have
The situation is more interesting when we consider the spectrum inside the Hubble horizon. There is a term proportional to (p 0 ) 2 in P 5D (2) , which is dominant at p͉ 0 ͉ӷ1, while there is no corresponding term in P res (2) . Hence, the difference between P 5D
(2) and P res (2) is
͑4.21͒
Our approximation is valid for p͉ 0 ͉␦H/H 1 Շ1 ͓Eq. ͑2.27͔͒. Hence, within the region of validity, this difference can be as large as P (0) . We also note that the terms proportional to (p͉ 0 ͉) 2 come from ␣ 00 , while the contribution from ␤ 00 is suppressed at p͉ 0 ͉ӷ1. On the other hand, the contribution from initial KK modes, P 5D KK (p), is dominated by ␣ 0 at p͉ 0 ͉ӷ1: P 5D KK ϰ͐d͉␣ 0 ϩ␤ 0 * ͉ 2 ϳ͐d͉␣ 0 ͉ 2 . This means that, although the creation of zero-mode gravitons from the initial KK modes is negligible inside the horizon, a part of the amplitude of the final zero mode comes from the initial FIG. 3 . Five-dimensional power spectrum of gravitational waves P 5D (p) and the four-dimensional one P 4D (p) at low energies (ᐉH 1 ϭ10 Ϫ2 ) with ␦H/H 1 ϭ10 Ϫ3 . These two agree with each other. In this case the initial KK modes give a negligible contribution.
KK modes losing their KK momenta. Since the coefficient ␣ 0 is proportional to p͉ 0 ͉ at large p͉ 0 ͉, P 5D KK behaves as
͑4.22͒
This KK mode contribution cancels P 5 (2) D. The cancellation can be proved by looking at the property of the Bogoliubov coefficients To summarize, we have observed that the agreement between the rescaled spectrum P res (p) and the fivedimensional spectrum P 5D (p) is exact up to first order in ␦H/H 1 . The agreement is not exact at second order, but we found that the correction is not enhanced at any wavelength irrespective of the value of ᐉH 1 . Just for illustrative purpose we show the results of numerical calculations in Fig. 3 and Fig. 4. 
V. DISCUSSION
In this paper we investigated the generation of primordial gravitational waves and its power spectrum in the inflationary braneworld model, focusing on the effects of the variation of the Hubble parameter during inflation. For this purpose, we considered a model in which the Hubble parameter changes discontinuously.
In the case of de Sitter inflation with constant Hubble parameter H, the spectrum is known to be given by Eq. ͑4.1͒ ͓13͔. It agrees with the standard four-dimensional one ͓Eq. ͑4.2͔͒ at low energies ᐉHӶ1, but at high energies ᐉHӷ1 it significantly deviates from Eq. ͑4.2͒ due to the amplification effect of the zero-mode normalization factor C(H). One can say, however, that the five-dimensional spectrum is obtained from the four-dimensional one by the map H‫ۋ‬HC(H).
In a model with variable Hubble parameter, gravitational wave perturbations are expected to be generated not only from the ''in vacuum'' of the zero mode but also from that of the Kaluza-Klein modes. Hence, it is not clear whether there is a simple relation between the five-dimensional spectrum and the four-dimensional counterpart. Analyzing the model with a discontinuous jump in the Hubble parameter, we have shown that this is indeed approximately the case. More precisely, if the squared amplitude of four-dimensional fluctuations is given by (h/2M Pl ) 2 , we transform (h/2M Pl ) 2 into C 2 (h)(h/2M Pl ) 2 , then the resulting rescaled spectrum exactly agrees with the five-dimensional spectrum P 5D (p) up to first order in ␦H/H 1 . At second order O(␦H/H) 2 the agreement is not exact, but the difference is not enhanced at any wavelength irrespective of the value of ᐉH 1 . Hence, in total, the agreement is not significantly disturbed by the mismatch at second order. As a nontrivial point, we also found that the initial KK mode vacuum fluctuations can give a non-negligible contribution to the final zero-mode states at second order.
One may expect that the power spectrum of gravitational waves in the braneworld model would reflect the character-2 The small ᐉH expansion C 2 (H)Ϸ1Ϫ(ᐉH) 2 ͓1/2ϩln(ᐉH/2)͔ is used here to investigate the low energy case. istic length scale corresponding to the curvature ͑or ''compactification''͒ scale of the extra dimension ᐉ. However, our analysis showed that the resultant power spectrum does not depend on the ratio of the wavelength of gravitational waves to the bulk curvature scale, p͉ 0 ͉ᐉH.
Here we should mention the result of Ref.
͓18͔ that is summarized in Appendix A. Their setup is the most violent version of the transition H 1 →H 2 ϭ0. If the wavelength of the gravitational waves is much longer than both the Hubble scale and the bulk curvature scale, the power spectrum is given by Eq. ͑A4͒ and obviously it is obtained from the four-dimensional counterpart by the map H‫ۋ‬HC(H). However, if the wavelength is longer than the Hubble scale but much smaller than the bulk curvature radius, the amplitude is highly damped as is seen from Eq. ͑A7͒ and the map H‫ۋ‬HC(H) does not work at all. This damping of the amplitude can be understood in the following way. In the high energy regime ᐉHӷ1, the motion of the brane with respect to the static bulk is ultrarelativistic. At the moment of transition to the Minkowski phase, the brane abruptly stops. Zero-mode gravitons with wavelength smaller than the bulk curvature scale can be interpreted as ''particles'' traveling in five dimensions. These gravitons make a ''hard hit'' with the brane at the moment of this transition, and get large momenta in the fifth direction relative to the static brane. As a result, these gravitons escape into the bulk as KK gravitons, and thus the amplitude ͑A7͒ is damped. On the other hand, in our model the change of the Hubble parameter is assumed to be small, and hence such violent emission of KK gravitons does not happen. If this interpretation is correct, the mapping rule h‫ۋ‬hC(h) will generally give a rather good estimate for the prediction of inflationary braneworld models as long as the time variation of the Hubble parameter is smooth. If we can confirm the validity of this prescription in more general cases, the analysis of gravitational wave perturbations will be simplified a lot. We would like to return to this issue of generalization in a future publication.
